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INTRODUCTION

ANALYSIS OF DUCTILE FRACTURE AND ITS
APPLICATION TO 200-AREA WASTE TANKS /

\

Studies are currently in progress to formalize operating llmfts for the?
200 Area waste tanks as related to potential ducttle brittle fracture
mechanisms. Ductile fracture mechanisms are important In specifying
susceptibility to damage from overstressing due to exceeding fill
limits and under earthquake conditions. It is likely that brittle
fracture becomes important If operating temperatures of the tanks
fall below the nil duetilfty transition temperature. ThLs memorandum
describes the method of analysis used in DPST-74-557 which provides
the bases for Technical Standards that are being developed to establish
fill limits for 200 Area waste tanks. Studies related to brittle
fracture will be published by the Nuclear Materials D%vision.

. sUMMARY

. A finite element computer code has been developed for fracture
analysis of metals exhibiting strain-hardening effects prior

0’
to failure.

2. A simple relationship between crack initiation loading (onset of
ductile tear) and crack length is obtained, and has be n recommended
as operating guidelines for the cracked waste tanks(17!.
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DISCUSSION
s’(132) of the Blume study[~] :: ‘Early RED efforts consisted of reviews

the hydrostatic and seismic responses of the tanks, assistance
Separations Technology for hydraul

~? ;I’ajl three types of steel ~
esting of a new Type III tank

and independent stress analysis(5~
containers. RED drafted a short review(7 on metal fracture and
participated in discussions of the fundamentals of fracture mechanism
with authorities within and outside of SRL.

A. Analytical Development

Metal fracture can be generally described in terms of two fundamental
mechanisms, slippage-type ductile failure and cleavage-type brittle
failure. In principle, any metal in tensile stress is potentially
capable of either type of failure. Given the material properties,
the failure mechanism depends on the loading conditions, among which
the three dominant factors are temperature, strain rate, and tri-
axiality of stress. Brittle fracture is relatively insensitive to
loading influence and the maximum principal stress @B is regarded as

~a%%@?~ ‘~%erial resistance ‘toshear slippage?g~”r%~~~ ;~eavage
erty of material, i.e., the abilit

temperature fncreases. Let ~= denote the normal stress required to
induce slippage on a shear plane, at low temperatures, r= > G’B and
brittle fracture controls the failure mechanism. As temperature in-
creases, P= may decrease to a level below 08 , and the material
may undergo a large extent of plastic flow until ductile tear occurs.
The temperature at which U’~=Oais called nil-ductility temperature. i
Due to heterogeneity of composition and variance of manufacturing
conditions of structural steels, nil-ductility of a steel is charac-
terized by temperatures varying over a finite range, so the term,
ni$-ductillty transition temperature, is usually referred to in
engineering practices. Dependence of ~D on strain rate is less
pronounced. The tensile test results at a strain rate of 10-1
per second, which is roughly the strain rate on the waste tanks
due to earthquake, does not differ significantly from that of a
standard test. Consideration of embri.ttlementof metal due to
strain rate becomes important in cases involving explosive loading.
Thermodynamic aspects of metal fracture are current topics of
experimental research and various proposed equations of state have
yet to obtafn universal acceptance. The effects of temperature and
strain rate are schematically illustrated in Figures 1 and 2
respectively.

Sfnce ductile tear is a post-yieldlng phenomenon, ~D is essentially
the maximum shearing stress of Trescals criterion which is a function
of the difference of the maximum and minimum principal stresses.
Hydrostatic compression or tension does not influence V~ “ however,
it raises the magnitude of the maximum principal stress, so’trlaxiality “
of stress tends to favor brittle fracture of the two competing mechanisms.
For thin Plates or shells, the stress component normal to the plane of
the plate or shell is small and the effect of triaxial stress is minimal.

a

=i%y?$f?% capable of describing responses of materials exhibiting
s of plasticlty9 only the incremental theory of

I
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atra5.n-hardeningeffect. Owing to nonlinearity of the incremental
constitutlve relations, analytical solutions involving mixed boundary
conditions have yet to be developed. (A few simple boundary-value
problems have been found. Among them, the most noteworthy are
expansion problems with cylindrical and spherical symmetries. See
Chapter V of Reference 11.) For plates containing cracks, numerical
solutions are obtained according to incremental plastici
(Discussion Section B) by the method of finitie elementsl~2T0&i;;;3!on
Section C). To simplify calculation, (1) the stress-strain curve of
the tensile data is approximated by two straight line segments~ I.e.,
linearly elastic up to the yield limit and constant rate of strain
hardening up to rupture, (2) triaxialfty of stress is approximated
by plane-stress state, and (3) the load%ng is considered quas%-static,
so relatively large increments of loading can be adopted. Material
ductility is Implied by the stress-strain relations. Conversion of
the engineering
(Figure ~ and ~) is discussed h Section D.

stress-strain curve to the true stress-strain one

A computer code was written to compute the stress and strain components
of 262 elements, and displacement and force components at 149 nodal
connections for a finite rectangular plate containing a center crack
of arbitrary length under uniform loading remotely applied in a
direction normal to the crack dimension. Input to the code requires
the materfal parameters (modules of elasticity E, strain hardening
rate H, Poissonfs ratio -Y , yield ltmit Y and rupture stres$ @Ul+,),
cartesian coordinates of nodes3 and designation of the crack tip node.
In assigning coordinates certain judgment on the size df.stri.bati.onof
elements is necessary for accurate solutions. In principle, smaller
elements should be near the area where stress gradient IS large. In
general, the area ad.jaeentto the crack tlp requires mo5t attention.
For incremental loading, the code in effect solves a sertes of mfxed
boundary-value problems for loading lnc~ements, and tabulates results
of stress and deformation, which reveals the gradual change of pattern
of plastic zone at every step of load increase until rupture stress is
reached for one of the elements where ductile tear ‘in%tfakes.

For two kinds of steel, A285B (Type I and 11 tanks) and ASTM 516 grade
70 (Type III tanks), and S%X values of LB, ratto of crack length to
plate width, the results sre given in Figures 5 to 16, where the
growth of the plastlc zone is Indicated by solid curves corresponding
to the magnitudes in KSI of applied tension, and the dashed curve~
signify the largest extents of plastfcization prior to ductile crack
pr;pogirtion. –

Plotting the maximum applied stress at initiat.ton,
failure stress9 0+ ~ against the geometry ratio
(Figure 17) can be described by a simple parabolic

‘f
=y(l-L/w)~

or defined as
L/’W,the curves
relat.icln9

—

where the yield Itmit (Y) is the only material characterization.
Validity of this relationship s su~ pp::ted by R~tests onthree kinds
of steels at room temperatures 18). is of intepest to note that
such a square-root type of functional fo

Y
with a single material

constant was also de~%ved by Gensamer(13 based on energy Considerations.
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As reported in References 5 and 6, fop all three types of steel
containers, the area of high stress i~ a few feet above the knuckle !@’
top, and the hoop stress in the area is significantly greater than
the meridional Stress, therefore, a stzable vertical crack in the
area Is deemed as most undesirable. Direct application of the plate -
fracture results to the high stress area of the tank wall is based
on the following considerations of similarity and approximation:

1. Due to the large tank radii, the cylindrical walls are
considered as flat plates.

2. In the vicinity of maximum hoop stress, the meridian stress
on the neutral surface is practically zero, so the hoop stress
is equivalent to the applled uniaxial load.

3. The vertical gradient of hoop stress is relatively small in the
area of interest so the hoop stress is approximately uniform.
Use of the maximum hoop stress as applied loading is a conservative
estimation.

4. For a vertical crack in the area under consideration, upward
extension of the crack is less”likely and not limittng, because
the ligament length is longer and the stress is lower in that
direction. The distance between the center of the crack to the
bottom of the tank can be regarded as.one half of the test plate
width. It is a conservative simulation in the sense that the
restraining effects of the upper part of the tank and the knuckle
geometry are greater than those corresponding to the symmetrical

i

ligaments of a plate with a center crack.

B. Incremental Plasticity

For a homogeneous, isotropic Hookian solid in which there is no change
of temperature complete description of materfal behavior is unfquely
possible under all loading conditions by solving the Following set of
equations in cartesfan coordinates xi , i = 19 2, 3

-- 0, i,j =1,2

(1)

j-l (2)

3
(3)

where dui, d~tj and d~’
d

are the i.nfinlte~imalcomponents of
displacement, strain and str ss of a material point respectively, E
and--y are m&terLs.1constants~ modulus of elasticity and Poisson~s
ratio respectively, 6’ = ( 0,, + @zZ.; 0-;3 ) 13 is the ahydrostatic component of stress, and

hi’ =0, fori+.j.
for i = jj or

For a general triax;al state of stress$ there
are~5 unknown quantities 3 displacements,6 stresses and6 strains)

LInvolved in 15 equations ( compatibility equations from (1), 6
constitutive relations from (2) and 3 equilibrium equations from (3)).

.—
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~ m, Slaterhls 02?,rmlcltl-rieusstype;Iike structural steelj solutions
to the set of elasticity equations are””onlyapplicable to sol%ds in

I

which the stresses are sufficiently”low’stichthat material yleldlng
does not occur anywhere. Yleldlng phenomena in most ductile metals
can be characterized by a quantity called equivalent stress 6 S
which is a function of the state of stress~ By appropriate

~(~~~strlss @r-otation of the ms.terlalcoorcilnates~”the state o , is
characterized by its principal stresses ls’~, so o’=f(mt) NJ From
~ :ollowing three observed facts, the functional dependence of ~

becomes more restrictive:1

1. Yielding is reproducible by permutation of the principal stress
directions for Isotop%c media; so @ ““is”a Scalar funct%on of ~i
Since there are only three scalar invariant 3[ deducible from
the stress tensor [@ii] , hence T=jfJ~~ where

2. Yieldlng is unaffected by a wide range of hydrostatic pressures;

3. YleldLng-Ts Indifferent to hydrostatic’tension or compression,
hence o =$CJ2) only, since 73 changes its sign from tension
to compression.

L Theoretically, any functional form of ~ =+(32) is suftable for

● (1913).
a yielding Cr%terion; one of the Simplest %s proposed by Von Mises

It states that y%elding occurs when

(4)

where Y is the initial yield stress of a tensile test, and Oj~zO’Y-O’~q
are called reduced stresses.

For an elastic-per~ectly plastic materia~ T can never be greater
than ~ For mateglals with strain hardening properties, states
of stress ~xist for r >Y , and the lifiearconstitutive equations (2)
cease to be valid for ~ >y . In the @o&t-yleIdlng states> it is
necessary to decompose the strain fnto”a permanent portion ~.? and
a recoverable portion <.e which is,measurable by

Li ‘J
J

are the same as Equations (2) in the elastic range
The.differential form Is necessary because plast%e
an Irreversible process in the thermodynamic sense.
energy 10ss is

(6)

o
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is a nonvanlshing volume integral”In-general.
!{rai.nproblems, W?

Only for plane-
is reducible to a contour or line integral

by Green’s theorem depending on whether it encloses essential
@

singularities or not. In either case, W
t

is path dependent.
This Integral can OnlY be path independe t If (1) the plane-
strain state o: stress is assumed, and (2”) 0’~- f. an analYtic

.’

function of i’ , such as an ideally line& “elas
t}

c material
for example. It!seems that use of a line integral(l surrounding
a crack to calculate the strain energy”,which in turn is regarded
as an intrinsic material property characterizing material fracture
Is academic.

For ~>’T’ , the plastic relations developed by Prandtl and
generalized by Reuss state that

(7)

where k is a scalar factor of proportionality. Let H be the slope
of the true-stress and true-strain curve of an uniaxial test> it
can be shown that

and the complete stress-strain relations are

(9)

constitutes load%ng, the simple criterion of unloading is

Due to nonlinearity of the first of Equations
equations (1), (3) and (9) are usually sought
of small increments of stress.

(10)

(9), solutions to
numerically by use
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‘* Q =R+2C1-IJ2>P

(11)

c. Finite Element Method

The method of finite elements requires that the continuum is dis-
. cretized into small finite elements held together by joints or

For each Yinite element, all”relevant quantities
● ~~~~~~~ through a set of linearized equations of continuity

and material constitution such that all internal forces. considered
transmittable only through the nodal points; can’be exp~essed as
a linear combination of nodal movements. Equations of motion are
finally applied to all nodal points whetithe elements are assembled.
From the given values of either forces or movements at boundary
nodes corresponding quantities for the Internal noiies’can be found
directly by solution of a set of Ilnear algebrkic equations. The
accuracy of the solutlon depends on the sizes and distribution of
discretization and computer accuracy in the inversion of large
matrices. For nonlinear equations~ ‘the”intrinsicfirst order
approximation involved at elemental level will have obvious it?-
fluence on the accuracy of results.

For the plane stress problem of frsmture, the plate ABC!DEwith AE
as one side of an existing crack is divided into 262 elements Joined
by 149 nodal points as shown in Figure 5. Since each nodal point has
two components of displacement and force, the nodal points are designated
by even numbersj so all the displacement and force components can be
represented by column matrices u~ and $~ , L= I,2,-.,298, where the
horizontal and vertical components are denoted by odd and even sub-
scripts res ectively.. Choosing an arbitrary element defined by nodal
numbers 2$ [, and 6, for illustration, it is possible to find a square
matrix Ci; to satisfy uniquely

J
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Let ( Xi , X ~+1 ), be the coordinates of a point inside the element,
and U; and *’‘i+l be the components of displacements the coefficients
of first order approximation, dl through d’ of tir~ ti,+w,x+ti~y,u:+,
. dd+ti,x+ci~yare unfquely defined in te~s of nodal displacements
oi,,ti~, ..* and U6 and nodal coordinates Xlj x ,...x6.

?
From the .’

continuity equation (l), its matrfx representat on becomes

(13)

where A is the area of the finite element and [ B] Is the matrix
whose components are simply functions of constants @i . For the
particular element, the 3 by 6 [ 6J matrix is

and the strain matrfx has components <1 and (,2which are the
corresponding horizontal and vertical normal strains and C3 which
is the shear strain. These stra%n components are functions of nodal
displacements, hence Equation (13) is the matrix form
patibility relations (1).

The elastic constitutive relatlon (2) is particularly
matrix form

[ml =-+(’] [d,
r’$’

of the com-

slmple in

01

[

[9-J = v I ~
00 I-QY f

2

eorreswondfmz matrix to obtain

6.
14)

theIf the element is plastlclzed,
stress components 1s [DIP , whose Compiments-depend on current
state of stress. The explicit form of [D]p is shown M Eqwtlon (11).
It can be shown that the stress components integrated over the area
of the ftnlte element are equivalent to six components of concentrated
forces at the nodes, that is

[jJ=;+[d[@J (15)

T
where ~B~ is the transpose of [6] and t is the plate thickness.

Combining (13), (14 and (15), the [c] matrix of eq (11

[c1

is

(16)

Since CCJ is positive and symmetric, it is non-singular, so its
inversion [C]-l is unique.
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After assembling all the elements at all nodes> the resultant matrix
equation (12)$ relates the column matrices of displacements and forces
by a 200 x 200 square matrix [cJ .
-f:=o for all internal nodes

Equilibrium conditions (3) require
i and those on the boundary where there

is no traction prescribed, and those along BC, a given magnitude is
prescribed. Along DE, the ligament portion of AD, u% = O, for even
Integers of i since AD is the line of symmetry, there should be no
displacement in the loadfng directton.

For a lfnearly elastic medium, one single inverse of [c] provides all
necessary solutlons to the boundary value problem. FOF an elastic-
plastlc materlal~ the elastic solutlon can only be sealed up to a
loading which causes the first element to yield. Further loading
will have to be treated as a new boundary-value problem because of
the dependence of [D~? on the level of stress.

Solution to Equation (12) gives all nodal displacements or forces,
then the strain components are calculated by Equation (13) fop each
element and Equations (14) and (11) obtafn the stress components for
the elastic elements and plastic elements respectively.

For each step of loadfng increment> the equivalent stress F and its
increment dif are calculated for every element and checked by the
yiel< criterion (4) for elastic elements and the unloading criterion

dm S0 for plaetfc elements. If a plastic element satisfies d?$<d ,
it unloads elastically. Subsequent loading will cause the element to
yield at a higher equivalent stress, so the yield valae Y for unloading
elements is updated.

A more accurate programing involves control of the load Increment such
that no more than one element becomes plastic for each Increment as
shown in Reference (15). Such a code is found to be very time con-
suming owing to the small megnitdues of increments required. For
expediency, the code in use adopts an arbitrary Increment sizes thus
during steps of calculation, several elements are allowed to reach
the plastic range in a calculat%onal increment. Such a scheme was
also used byAndersson(16).

D. ~

In a tensile test, when a ductile material is loaded beyond its yield
limft Y , through the plastfe range~ the dfmensicms change app~eciably.
As the fracture load is approached particularly after necking starts
in the tensile test, the stress at the critical cross-secttcmal area
A departs more and more from the nominal stress @ calculated on the
basis of the orfginal area A of the cross-section. Thus, in studies
of large deformations>
necessary to calculate
load P on the basis of
length L.

~ is calculated by

such as metals h the nlastic ranke. tt is
true stress ~ and st>ain ~ unZe; a given
the Instantaneous dimensions of area A and

where Lo is the original length of -thetest specimen.
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I From the hypothesis that during plastic deformation, the material
volume V does not changeI

I LA=LOAO=V

I
and ~A= TAO=P

I

I it can be shown that ~ .fj-e<

I within the elastic range ( (P<Y ), the strain is small, and

I
G=h(i+e)*e

to the true one,
, so the engineering relatlon @ = E~ is close

(17)

where E is the modulus of elasticity.
( F*Y

Within the plastic range
), the engineering relation for constant rat? of strain-

hardening Ho is approximated as

I 0’-)’ = HO(C-4Y> for Phy’

I

where ‘y 1s the 6train at yield limit, and the corresponding
for true stress and true strain can be shown as

i
F =H, (e-1 +~-67je6

6
which is linearized by

bp-l(i-~7) @ F>y

relation

(18)

For A285B steel, ‘f = 27 Ks%, 6Y = 0.0009, the strain at rupture
6A+.= 0.25, and the tensile strength &~~ 55 ksi. The engineering
strain at tensile strength is not known and assumed to be CT,S.=0.2.
Corresponding values of true stress and true strain become

.

? ~,y = ~()+<~~,) =O\1823

‘uly.= ~(l+~w}+) ‘0,2233 *

a’-’
* Conventional definition of <L,+,is L~ ~ where ~~ is the final I

area at fracture (19). A+
I

I
J
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so

Similarly for ASTM 516 Grade 70

‘f = 38 Ksi,

~%,: 77.5 Ksi,

steel~ from

Cy = 0.0013, <WI+.= 0.17

the true stress and true strain

I

I
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